The vector of periodic, compound returns of a typical investment portfolio is almost never a convex combination of the return vectors of the securities in the portfolio. As a result the ex post version of Harry Markowitz's "standard meanvariance portfolio selection model" does not apply to compound return data. We propose using notional portfolios and normalized linear returns to remedy this problem. arXiv:1104.5393v1 [q-fin.PM]
1 The ex post standard model Let us paraphrase the description of the "standard mean-variance portfolio selection model" ([Markowitz(1987) , pp. 3-5]) for ex post return data.
Given an m × n matrix R = [r 1 , . . . , r n ] of successive periodic returns (m returns for each of n securities), an investor is to choose the proportions p = [p 1 , . . . , p n ] T invested in each security, the proportions being subject to the constraints p j ≥ 0 (j = 1, . . . , n), n j=1 p j = 1. We assume that the periodic returns, r P ∈ R m , of the corresponding investment portfolio satisfy the linear hypothesis r P = n j=1 r j p j = Rp.
(1)
We also assume that mean or expected return is a linear function of periodic return: that the expected return of security k is given by e j = ω T r j for j = 1, . . . , n. Here the weight vector ω ∈ R m should satisfy ω i > 0 (i = 1, . . . , m) and m i=1 ω i = 1. Typically ω i = 1/m for i = 1, . . . , m: every periodic return of a given security contributes equally to its expected return.
Under these assumptions, the expected return of the investment portfolio is e P = n j=1 e j p j = Ep,
with E = [e 1 , . . . , e n ] = ω T R, and the variance of portfolio return is v P = n j=1 n k=1 v jk p j p k = p T V p,
where the n × n covariance matrix V = [v jk ] is given by
the deviation vectors z j ∈ R m (j = 1, . . . , n) being defined by
with 1 m ∈ R m representing the constant return vector of all 1's.
An investment portfolio
We will illustrate the ideas in this paper with computations based on data for five iShares exchange traded funds (ETFs) over the year 2010. The funds are Table 1 shows the 2010 performance of a hypothetical investment portfolio in the five funds. The portfolio, PORTF, is static in the sense that no sales or additional purchases were made during the one year period. The increases in the shares of its component funds are entirely due to (automatic) dividend reinvestment. Remark. All results in this paper are based on data from the spreadsheet file 'adj-close5_2010.csv'. Computations were done in double precision arithmetic with results rounded for presentation. Consequently certain numbers (e.g., the sums of the 2010-12-31 values and proportions in Table 1 ) may be seem to be off by 1 in the last digit.
In the standard model of portfolio selection an investor is to "choose proportions invested in each security." But which proportions are appropriate for the portfolio PORTF of Table  1 -the 2009-12-31-closing proportions, the 2010-12-31-closing proportions, or some set of market-day-closing proportions in between?
To examine this question we need a definition of what we mean by an "investment portfolio." Say you invest a certain amount of money in n funds, and you let it ride, with all dividends reinvested automatically. At the close of market day one your investment is worth so much. At the close of the market day two it has another, probably different, value. And so it goes, market day after market day, value after value. The growth of your investment portfolio is described by this whole sequence of market-day-closing values indexed by the successive market days of your investment. These market-day-closing values are adjusted closing prices for your portfolio.
Adjusted closing prices and notional shares
We refer to any vector of positive numbers x = [x i ], indexed by successive market days i, as (a vector of) adjusted closing prices for a given security if the ratio x i /x i−1 measures the growth in value of an investment in the security from the close of market day i−1 to the close of day i, assuming dividends are automatically reinvested. Ordinarily
is the vector of closing prices for the security. However, on ex-dividend-days i,
Clearly, if x is a vector of adjusted closing prices for a security, then y = xλ is a vector of adjusted closing prices for the same security for any λ > 0. Moreover, all adjusted closing price vectors for the same security and covering the same time period can be expressed in the form y = xλ, λ > 0.
The spreadsheet file 'adjclose5_2010.csv'. contains adjusted closing prices for our five sample ETFs over the 253 market days from Thursday, 2009 -12-31, through Friday, 2010 . The adjusted prices of each security are normalized at 100 on 2009-12-31. See [Norton(2010) ] for a more extensive discussion of adjusted closing prices.
Let X = [x 1 , . . . , x n ] be a matrix of adjusted closing prices for n securities over a certain time period. Assume the columns of X are linearly independent (rank(X) = n). Then adjusted closing prices x P can be defined for any (static) investment portfolio P in the n securities by
x j s j = Xs with s j ≥ 0 (j = 1, . . . , n) and n j=1 s j > 0.
Moreover, due to the independence of the x j , the notional shares s = [s j ] are uniquely determined by the adjusted closing prices x P .
For example, choose a market day i 0 , let x i 0 ,j be the closing price of security j on that day, and let s j be the number of shares of security j held in the portfolio on that day (j = 1, . . . , n). Then x i 0 ,P = n j=1 x i 0 ,j s j is the value of the portfolio at the close of day i 0 . Now using (6), with d = 0 on non-ex-dividend-days i, the x i 0 ,j can be extended to adjusted closing prices for all n securities over the whole time period ([Norton(2010)] ). The resulting x iP = n j=1 x ij s j are then the market-day-closing values of the investment portfolio P .
This argument shows that a vector of closing values, x P , of any investment portfolio P can be realized by equation (7)-with the specific matrix of adjusted closing prices, X, and notional shares, s, described in the argument.
Now suppose that
with λ P > 0 and λ j > 0 for j = 1, . . . , n. Then y P is a vector of adjusted closing prices for the portfolio P , Y is a matrix of adjusted closing prices for the n securities in P , and all matrices of adjusted closing prices for P and its n component securities can be represented this way. Moreover
as a consequence of
Finally, the columns of Y are linearly independent if and only if the columns of X are linearly independent (rank(Y ) = rank(X)). Thus equation (9) is effectively equivalent to equation (7), and equation (7) is valid in the general circumstances described.
Remark. One can also think of (7-9) as change of coordinate equations, with a fixed investment portfolio P being represented by different vectors of notional shares in different adjusted-closing-price systems.
Market-day-closing portfolios
Suppose an investment portfolio P is described by equation (7). Multiplying both sides of the equation by a positive constant if necessary, we may assume that x P is the vector of market-day-closing values of the portfolio. Since the value of the portfolio at the close of day i is the sum of the values of its component securities,
with
Apparently p c ij is the proportion of security j in the portfolio P at the close of day i. In particular p c ij ≥ 0 (j = 1, . . . , n) and n j=1 p c ij = 1.
If y P , Y , and t also represent P , as in (8) and (9), then
Thus the proportions p c ij of (10) and (11) are independent of the adjusted closing prices and notional shares used to represent P . We refer to the matrix P c = [p c ij ], indexed by market days i and securities j, as the matrix of market-day-closing portfolios for the investment portfolio P . Table A .1 shows end-of-week market-day-closing portfolios for the portfolio PORTF of Table  1 over the last forty weeks of 2010. The weeks are indexed by Fridays, even though Good Friday, 2010-04-02, and observed Christmas Friday, 2010-12-24, were market holidays. All forty of these closing portfolios are different. In fact, the market-day-closing portfolios of PORTF over the 253 market days from 2009-12-31 though 2010-12-31 are all distinct. This again begs the question-what proportions p = [p 1 , . . . , p n ] T represent the investment portfolio PORTF in the standard portfolio selection model?
5 Normalized adjusted closing prices and notional portfolios Table B .1 shows weekly adjusted closing prices for the securities and the investment portfolio of Table 1 for the last 40 weeks of 2010. The prices of the securities and the portfolio have been normalized at $100 per notional share on 2009-12-31. As a consequence, the notional shares of PORTF with respect to these adjusted prices are the same as its [2009-12-31 ]-closing proportions:
(12) Figure 1 shows the graphs of these adjusted closing prices over the whole of 2010. The [2009-12-31]-normalization is apparent: all graphs start at 100. We have not tried to distinguish IWM and EEM in this figure since these securities are not components of the investment portfolio PORTF. Table B .2 shows weekly adjusted closing prices for the same securities and the same investment portfolio, but the adjusted prices in Table B .2 have been normalized in an entirely different way: the average week-ending adjusted closing price over the last 13 weeks of 2010 is 100-for each security and the portfolio. The notional shares of PORTF with respect to this system of adjusted closing prices must also sum to one. In Table B .2 Figure 2 shows the graphs of these last-13-week-normalized adjusted closing prices over 2010, but with the graphs of IWM and EEM omitted. Each graph in Figure 2 has exactly the same shape as the corresponding graph in Figure 1 in the sense that the two adjusted-closing-price functions are positive multiples of one another. We refer to the adjusted closing prices in Table B .2 and Figure 2 as being "α-normalized," with α the market-day-averaging-vector defined by
if i corresponds to the last market day of one of the last 13 weeks of 2010;
The adjusted closing prices [X, x P ] of Table B .2 and Figure 2 are α-normalized at 100 in the sense that α T [X, x P ] = [100, . . . , 100].
We will say that a vector α = [α i ], indexed by successive market days i, is a market-dayaveraging-vector if α i ≥ 0, for all i, and i α i = 1. Given a market-day-averaging-vector α, any vector of adjusted closing prices x has a unique "α-normalized -at-100" counterpart x α -a vector of adjusted closing prices for the same security that satisfies α T x α = 100. Clearly
Just as the adjusted closing prices of Table B .2 and Figure 2 are α-normalized (at 100) for the α described by (14), the adjusted closing prices of Table B .1 and Figure 1 are αnormalized (at 100) for the α that is 1 if i ∼ 2009-12-31 and 0 at every other market day i.
We have "normalized" adjusted closing prices at 100 in this paper because 100 is convenient. For instance, if the adjusted closing price of a security or portfolio starts at 100 (as in Figure  1 ), then the change in adjusted price at some later time is exactly the percentage gain or loss from the start. But the value 100 is not really essential to our arguments. Any other positive value would work just as well, and we will delete the normalizing qualifier "at 100" in what follows.
Given α-normalized adjusted closing prices X α = [x α 1 , . . . , x α n ] and x α P , for n-securities and an investment portfolio P in these securities, and assuming that rank(X α ) = n, the notional shares of x α P with respect to X α are uniquely determined by α and sum to one. We denote the vector of these proportions by p α = [p α 1 , . . . , p α n ] T and refer to p α as the α-notional portfolio of P . Thus
x α j p α j = X α p α with p α j ≥ 0 (j = 1, . . . , n) and n j=1 p α j = 1.
This notional portfolio may (12) or may not (13) be the same as any of the market-dayclosing portfolios in P c .
If β is a second market-day-averaging-vector, then
as a consequence of x β j = x α j · [100/(β T x α j )] and (9).
Compound returns
Given a vector x of periodic (e.g., weekly) adjusted closing prices for a particular security or portfolio, the percentage change in value, r i , of the security or portfolio, over the period from i − 1 to i, is given by periodically compounded return:
On the other hand, if one thinks of the adjusted closing prices as growing according to the exponential model x i = x i−1 exp(r i ) over the period from i − 1 to i, then the continuous, periodic rate of growth, r i , is continuously compounded return:
Note that r i (18) is just linear part of the series for r i (19):
Tables C.1 and C.2 show the weekly and continuously compounded weekly returns corresponding to the adjusted closing prices in Table B .1 or Table B .2. Either adjusted closing price table produces the same weekly return table since ratios of adjusted closing prices, x i /x i−1 , depends only on the security and not on the particular adjusted closing prices used.
The returns in Tables C.1 and C.2 are quite comparable except that the weekly compounded returns (C.1) are consistently greater than the continuously compounded returns (C.2). In fact a weekly compounded return can only equal a continuously compounded return when x i = x i−1 ; then both returns are zero.
We can now settle the question of which vector of security proportions in the standard model corresponds to the investment portfolio PORTF. We simply need to solve
for p = [p 1 , . . . , p n ] T , using the periodic returns, R and r P , of Table C.1 or Table C .2. Table  2 shows the results-after the requirement n j=1 p j = 1 has been enforced. The proportions in Table 2 are the least-squares solutions of (1) under the n j=1 p j = 1 constraint. No matter that we started by investing exactly 35% of $100,000 in IEF, 40% in IWB, and 25% in EFA, with nothing in IWM or EEM, at the close of Thursday, 2009-12-31, there are no proportions p that can make the linear hypothesis (1) true with the weekly returns of either Table C.1 or Table C.2. With the compound returns of Table C .1, the theoretical portfolio returns, Rp, can just get within 3.3% of of the investment portfolio returns, r P . With the continuous returns of Table C .2, Rp can get within 2.6%. In either case, the least-squares-solution proportions of Table 2 are ridiculous. There is no way you can start out by investing nothing in IWM and EEM and end up with positive positions in both of those securities.
Our conclusion is simple. Forget about the standard portfolio selection model if you plan to use compound returns in the ex post version of the model. The linear hypothesis (1) will almost certainly not hold-no matter how you choose the portfolio proportions p.
Linear returns
The problem with the periodically compounded periodic returns of the last section,
is that the denominator, x i−1 , varies from one period to the next. This non-linearity in the definition of the r i is incompatible with the linear hypothesis of the standard model.
To remedy this problem one can choose a market-day-averaging-vector α, as defined on page 7, and define periodic returns r α i by α-denominated linear return:
Then r α i is the percentage change in value of the security over the i − 1 to i period relative to its α-average value. Such α-denominated or α-normalized linear returns are compatible with the linear hypothesis of the standard model as we shall see.
Remark. In this section and in the previous one we have used i to index successive periods, e.g. weeks. However the index in the dot product α T x of (20) should not be restricted to periodic values but should be allowed to range over all market days. (1)
for p, with the R and r P of Tables D.2 and D.2, simply reproduces the notional portfolios (12) and (13): In general, the adjusted closing price equation
whence (dividing by the normalizing value, 100 in our case)
In equation (21), Θ represents the (m + 1) × (M + 1) submatrix [δ i k ,i ] (k = 0, 1, . . . , m; i = 0, 1, . . . , M ) of the (M +1)×(M +1) identity matrix that picks out m+1 successive, periodic market days (rows) from a total of M + 1 successive market days, and ∆ is the m × (m + 1) difference matrix [δ ik − δ i,k+1 ] (i = 1, . . . , m; k = 0, 1, . . . , m). (Here δ ij is the Kronecker delta: δ ij = 1 if i = j; δ ij = 0 otherwise.) Thus we see that α-normalized linear returns and their corresponding notional portfolios always satisfy the linear hypothesis (1) of the standard mean-variance portfolio selection model.
Some annualized statistics
We will close this paper with a brief discussion of some annualized weekly return statistics for the last 39 weeks of 2010. These statistics are based on the return Tables C.1-D.2 and uniform weighting: ω i = 1/39 (i = 1, . . . .39). To annualize expected weekly return or variance of weekly return one simply multiplies by 52. To annualize standard deviation of weekly return multiply by √ 52. Table 4 shows portfolio proportions p, mean returns e, standard deviations of return σ, and return-risk ratios e/σ for the five exchange traded funds and the investment portfolio PORTF. Portfolio proportions make no sense for the compound returns; we have filled these slots with question marks.
As noted earlier, continuously-compounded returns are "always" less than periodicallycompounded returns. The mean compound returns of Table 4 reflect this relationship.
Expected-values and standard-deviations of linear returns depend on their normalizations. This is clear in Table 4 . However the linear return-risk ratio e/σ is independent of normalization: normalizing factors cancel out, top and bottom. Correlations of linear returns are independent of normalization for the same reason. We could compute the correlation coefficients c jk corresponding to the compound returns of Tables C.1 and C.2. Then the compound covariance coefficients would be defined by v jk = c jk σ j σ k (j, k = 1, . . . n).
But what is the point of computing such or c jk and v jk when the p j and p k in
don't even exist?
We will close this section and the paper by showing that the e/σ ratios and the correlation coefficients of normalized linear returns are independent of the normalization.
For the e/σ case start with an adjusted-closing-price vector x and a market-day-averagingvector α. Let e α and σ α denote the expected value and standard deviation of the periodic return vector r α . Then where z ω = m i=1 ω i z 2 i and ∆ and Θ are the matrices in of (21). The factors 1/(α T x) cancel in the e/σ ratio so that
does not depend on α at all. Multiplying x by a positive number has no effect on the right side of (23); so the e/σ ratio depends only on the security, not on the particular adjusted closing prices that describe its growth. Of course, the e/σ ratio also depends on the weight system ω.
The "α" correlation coefficient c α jk is defined by
Following the pattern of the e/σ demonstration we compute
with the normalizing factors, α T x j and α T x k , canceling out. Since the expression (24) is unchanged when x j and x k are multiplied by positive numbers, c jk is independent of the particular adjusted closing prices representing the j and k securities. 
A Closing portfolios

